In [6] , J.Eells and L. Lemaire introduced k-harmonic maps, and T. Ichiyama, J. Inoguchi and H.Urakawa [1] showed the first variation formula. In this paper, we give the second variation formula of k-harmonic maps, and show non-existence theorem of proper k-harmonic maps into a Riemannian manifold of non-positive curvature (k ≥ 2). We also study k-harmonic maps into the product Riemannian manifold, and describe the ordinary differential equations of 3-harmonic curves and 4-harmonic curves into a sphere, and show their non-trivial solutions.
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Introduction
Theory of harmonic maps has been applied into various fields in differential geometry. The harmonic maps between two Riemannian manifolds are critical maps of the energy functional E(φ) = On the other hand, in 1981, J. Eells and L. Lemaire [6] proposed the problem to consider the k-harmonic maps: they are critical maps of the functional
where e k (φ) = Recently, in 2009, T. Ichiyama, J. Inoguchi and H. Urakawa [1] studied the first variation formula of the k-energy E k , whose critical maps are called kharmonic maps. Harmonic maps are always k-harmonic maps by definition. In this paper, we study k-harmonic maps and show the second variational formula of E k .
In §1, we introduce notation and fundamental formulas of the tension field and the k-stress energy tension field.
In §2, we recall k-harmonic maps, and state the second variation formula of the k-energy E k which will be proved in §3.
In §4, we show the non-existence theorem of proper k-harmonic maps into a Riemannian manifold of non-positive curvature (k ≥ 2).
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In §5, we introduce the notion of stable k-harmonic maps, and show the nonexistence theorem of non-trivial stable k-harmonic maps into constant sectional curvature manifolds.
In §6, we show the reduction theorem of k-harmonic maps into the product spaces.
Finally, in §7, we derive the necessary and sufficient condition to be kharmonic maps into a sphere, and determine the ODEs of the 3-harmonic and 4-harmonic curve equations into a sphere, and show their non-trivial solutions, respectively.
We would like to express our gratitude to Professor Hajime Urakawa who introduced and helped to accomplish this paper. And we also would like to express our thanks to Professor Jun-ichi Inoguchi who helped us during the period of our study.
Preliminaries
Let (M, g) be an m dimensional Riemannian manifold, (N, h) an n dimensional one, and φ : M → N , a smooth map. We use the following notation. The second fundamental form B(φ) of φ is a covariant differentiation ∇dφ of 1-form dφ, which is a section of
Here, ∇, ∇ N , ∇, ∇ are the induced connections on the bundles T M , T N , φ −1 T N and T * M ⊗ φ −1 T N , respectively. If M is compact, we consider critical maps of the energy functional
where e(φ) =
dφ(e i ), dφ(e i ) which is called the enegy density of φ, and the inner product ·, · is a Riemannian metric h. The tension field τ (φ) of φ is defined by
Then, φ is a harmonic map if τ (φ) = 0.
The curvature tensor field R(·, ·) of the Riemannian metric on the bundle T * M ⊗ φ −1 T N is defined as follows :
Furthermore, we define the following: For any Z ∈ Γ(T M ),
where R M , R N and R Then, we have
and
As a corollary of this theorem, we have
Notice here that any harmonic map is k-harmonic. We recall the results of Jiang [5] on the second variation formula of the 2-energy E 2 .
Theorem 2.5 ([5]
). Let φ : M → N be a 2-harmonic map from a compact Riemannian manifold M into an arbitrary Riemannian manifold N , and {φ t } an arbitrary C ∞ variation of φ satisfying (11),(12). Then, the second variation formula of 1 2 E 2 (φ t ) is given as follows.
Then, we show the second variation formula of the k-energy E k .
Theorem 2.6. Let φ : M → N be a k-harmonic map from a compact Riemannian manifold M into an arbitrary Riemannian manifold N , and {φ t } an arbitrary C ∞ variation of φ satisfying (11), (12). Then, the second variation formula of 1 2 E k (φ t ) is given as follows.
3 Proof of the second variational formula of kenergy
In this section, we calculate the second variation formula the of k-energy E k . Assume that φ : M → N is a smooth map, M is a compact Riemannian manifold, N and is a Riemannian manifold. First, let
be a C ∞ one parameter variation of φ which yields a vector field
The variation {φ t } yields a smooth map F : M × I ǫ → N, which is defined by
Taking the usual Euclidean metric on I ǫ , and the product Riemannian metric on M × I ǫ , we denote by ∇ ∇ ∇, ∇ ∇ ∇ and ∇ ∇ ∇, the induced Riemannian connection on
∂t } is also an orthonormal frame field on a coordinate neighborhood U × I ǫ in M × I ǫ , and it holds that
It also holds that
and so on. Then,
By using Lemma 3.1, we prove Theorem 2.6.
Proof of Theorem 2.6.
Therefore, we have
Then, we calculate
. Using (17) and second Bianchi's identity, we have
Using (17), (18), (19) and (22), we have
Putting t = 0 in (23), the first term of the RHS of (23) vanishes since φ is k-harmonic.
By the Bianchi's second identity,
and Bianchi's first identity
we have Theorem 2.6. 4 k-harmonic maps into Riemannian manifold of non positive sectional curvature Jiang [5] showed the following proposition.
Proposition 4.1 ([5]).
Assume that M is compact and N is non positive curvature, i.e., Riemannian curvature of N Riem
In this section, we generalize this proposition to every k-harmonic map. Namely, we have Theorem 4.2. Assume that M is compact and N is non positive curvature,
To prove this theorem, we show Theorem 4.5. First, we show the following two lemmas.
Proof. Indeed, we can define a global vector field X φ ∈ Γ(T M ) defined by
Then, the divergence of X φ is given as
by the assumption. Integrating this over M , we have
Proof. Indeed, by computing the Laplacian of the 2l-energy density e 2l (φ), we have
By Green's theorem M △e 2l (φ)v g = 0, and (28), we have △e 2l (φ) = 0. Again, by (28), we have
Riemannian manifold M into another Riemannian manifold N is a harmonic map.
Proof. By using Lemma 4.3, 4.4, we have Lemma 4.5.
By using Lemma 4.5, we show Theorem 4.2.
Proof of Theorem 4.2.
By computing the Laplacian of the 2(k − 1)-energy density e 2(k−1) (φ), we have
By using
Then, we have
due to Riem
Then, the both terms of the RHS of (32) are non-negative, so that we have
Then, since the both terms of (33) are non-negative again, we have
By using Lemma 4.5, we have τ (φ) = 0.
Stable k-harmonic maps
In this section, we generalize the results of Jiang [5] on stable 2-harmonic maps to stable k-harmonic maps.
By the second variation formula, Jiang [5] defined the notion of stable 2-harmonic maps as follows.
Definition 5.1 ([5]
). Let φ : M → N be a 2-harmonic map of a compact Riemannian manifold M into a Riemannian manifold N . Then, φ is stable if the second variation of 2-energy is non-negative for every variation {φ t } along φ.
Notice that by definition of the 2-energy, any harmonic maps are stable 2-harmonic maps. This also can be seen as follows: since τ (φ) = 0, for a vector field V of any variation {φ t }, it holds that
Theorem 5.2 ([5]).
Assume that M is a compact Riemannian manifold, and N is a Riemannian manifold with a non-negative constant sectional curvature K ≥ 0. Then, there is no non-trivial stable 2-harmonic map satisfying the conservation law.
By the second variation formula (cf. Theorem 2.6), we can introduce the notion of stable k-harmonic maps. Definition 5.3. Let φ : M → N be any k-harmonic map of a compact Riemannian manifold M into a Riemannian manifold N. Then, φ is stable if the second variation of k-energy is non-negative for every variation {φ t } of φ, i.e., (10) in Theorem 2.6 is non-negative for every vector field V along φ.
We have immediately
Proposition 5.4. All harmonic maps φ : M → N are stable 2l-harmonic maps (l = 1, 2, · · · ).
Proof. Let k = 2l (l = 1, 2, · · · ). Since τ (φ) = 0, by Theorem 2.6, we have
Furthermore, one can consider a stable k-harmonic map into a Riemannian manifold (N, h) of constant sectional curvature. Then, we have Theorem 5.5. Assume that M is a compact Riemannian manifold, and N is a Riemannian manifold of non-negative constant sectional curvature K ≥ 0. Then, there are no stable proper k-harmonic maps satisfying the conservation law, the k-conservation law and the 2(k − 1)-conservation law.
Proof. Since N has constant curvature, ∇ N R N = 0, so that (10) becomes
Especially, if we take V = △ k−2 τ (φ), then the first term of the RHS of (36) must vanish. So we have
Here, we have
By the assumptions, we have that
for all X ∈ Γ(T M ). And we have dφ(e k ), ∇ e k τ (φ) = − τ (φ) 2 . Thus, we have
Now, we divide the situation into two cases. Case 1) k = 2l (l = 1, 2, · · · ). In this case, we have
(41)
By using Lemma 4.5, we obtain τ (φ) = 0.
Case 2) k = 2l + 1 (l = 1, 2, · · · ). In this case, we have
By using Lemma 4.5, we obtain τ (φ) = 0. So, we have Theorem 5.5.
6 The k-harmonic maps into the product spaces
In this section, we describe the necessary and sufficient condition to be kharmonic maps into the product spaces. First, let us recall the result of Y.-L.
Ou [4] .
is 2-harmonic if and only if the both map ϕ or ψ are 2-harmonic. Furthermore, if one of ϕ or ψ is 2-harmonic and the other is a proper 2-harmonic map, then φ is a proper 2-harmonic map.
We generalize Theorem 6.1 for k-harmonic maps. Namely, we have the following theorem which is useful to construct examples the k-harmonic maps.
is k-harmonic if and only if the both map ϕ or ψ are k-harmonic. Furthermore, if one of ϕ or ψ is harmonic and the other is a proper k-harmonic map, then φ is a proper k-harmonic map.
Simillary,
We use the property of the curvature of the product manifold to have
The following corollary generalizes Corollary 3.4 in [4] .
) is a k-harmonic map if and only if the map ψ : (M, g) → (N, h) is a k-harmonic map. Furthermore, if ψ is proper k-harmonic, then so is the graph.
Example 6.4. Let φ : R → R × S n be a smooth curve parametrized by the arc length in the product space R × S n with the standard product metric defined by φ(x) = (x, cos(
where c 1 , c 2 and c 4 are constant vectors in R n+1 orthogonal to each other with
2 as in Example 7.7. Then, φ : R → R× S n is k-harmonic for k = 2, 3 and 4.
7 Determination of k-harmonic curves into a sphere
We determine that the ODEs of the 3-harmonic, and 4-harmonic curve equations into a sphere, respectively. Theorem 7.1. Let γ : I → S n ⊂ R n+1 be a smooth curve defined on an interval of R parametrized by arc length. Then, γ is k-harmonic curve if and only if
where g is the standard Riemannian metric on S n of constant sectional curvature 1, we denote by γ ′ the differential of γ with respect to the arc length.
Proof. γ is a k-harmonic curve if and only if
we have Theorem 7.1.
Proposition 7.2. Let γ : I → S n ⊂ R n+1 be a smooth curve parametrized by arc length. Then γ is 3-harmonic curve if and only if
, and g 0 is the standard metric on the Euclidean space R n+1 .
Proof. ∇
which yields that We can derive the ODE to be 3-harmonic or 4-harmonic in terms of the Frenet-frame. Indeed, the Frenet-frame is given as follows:
where κ is the geodesic curvature and ·, · = g the standard Riemannian metric on S 2 . Then, we have the following.
Proposition 7.4. Let γ : I → (S 2 , ·, · ) be a smooth curve parametrized by the arc length. Then, γ is a 3-harmonic curve if and only if
where κ is the geodesic curvature of γ.
Proof. We calculate (∇
Therefore, γ is 3-harmonic if and only if
So we have Proposition 7.4. Proposition 7.5. Let γ : I → (S 2 , ·, · ) be a smooth curve parametrized by the arc length. Then, γ is 4-harmonic curve if and only if
Therefore, using (49), γ is 4-harmonic if and only if
So we have Proposition 7.5.
We show the following Theorem 7.6. Theorem 7.6. Every non-harmonic k-harmonic curve into (S 2 , ·, · ) whose geodesic curvature is constant is 2-harmonic. Namely, γ : I → (S 2 , ·, · ) a smooth curve parametrized by the arc length. If the geodesic curvature κ of γ is constant, every k-harmonic is 2-harmonic. Proposition 7.8. The curves (53) and (54) in Example 7.7 are also 3-harmonic and 4-harmonic.
Proof. We can show this proposition by a direct computation. The proof is omitted.
Remark 7.9. Notice that a 2-harmonic map implies not always to be 3-harmonic or 4-harmonic. Proposition 7.8 is non-trivial.
